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Abstract 
We introduce three definitions of q-analogs of Motzkin numbers and illustrate some combina- 
torial interpretations of these q-numbers. We relate the first class of q-numbers to the generating 
function for steep parallelogram polyominoes according to their width, perimeter and area. We 
show that this generating function is the quotient of two q-Bessel functions. The second class 
of q-Motzkin numbers counts the steep staircase polyominoes according to their area, while the 
third one enumerates the inversions of steep Dyck words. These enumerations allow us to illus- 
trate various techniques of counting and q-counting. @ 1998 Elsevier Science B.V. All rights 
reserved 
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1. Introduction 
The Motzkin numbers IV,, arise in a variety of combinatorial situations some of 
which are described in [17]. Furthermore, there are some nice algebraic relations be- 
tween these numbers and some other quantities, such as Catalan numbers and trinomial 
coefficients [7]. 
Many q-generalizations of Catalan numbers have been defined and studied and many 
combinatorial interpretations of these q-numbers have been found. For instance, some 
of them are: the explicit q-Catalan numbers that enumerate Dyck words according to 
the major index [3 1,29,24]; Carlitz q-Catalan numbers, that count the inversions of 
Dyck words and Catalan permutations [21,28]; Polya-Gessel q-Catalan numbers that 
enumerate the parallelogram polyominoes according to their area [32,23] (see [21] for 
a survey). 
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On the contrary, to the authors’ knowledge, there are few definitions of q-analogs 
of Motzkin numbers. One of them is given in [8], and the combinatorial interpretation 
of this q-generalization is related to lattice paths. 
In this paper, we introduce the following three q-generalizations of Motzkin numbers: 
A&,(x,q), A&(q), M,,(q), which are similar to the definitions of Carlitz and Polya-Gessel 
q-Catalan numbers. We propose a combinatorial interpretation of each q-generalization. 
These interpretations also allow us to illustrate various recent techniques of counting 
and q-counting. 
Section 2 of this paper contains the definitions of q-Motzkin numbers and q-Bessel 
functions, and the descriptions of some combinatorial objects. In Section 3, we use ob- 
ject grammars [ 181 to establish a relationship between q-Motzkin numbers &(x, q) and 
the generating function for steep parallelogram polyominoes according to their width, 
perimeter and area. By using a method based on the study of path pairs in the plane 
[19], we prove that the generating function is the quotient of two q-Bessel functions. 
In Section 4, we determine the generating function for steep staircase polyominoes 
according to their width and area and, by means of a recursive method illustrated in 
[ll], we establish that the q-Motzkin numbers A&(q) enumerate these polyominoes 
according to their area. Finally, in Section 5, we enumerate steep Dyck words accord- 
ing to their length and inversion number by using a grammar that gives these words. 
We prove that the q-Motzkin numbers M,,(q) count the inversions of the steep Dyck 
words. Moreover, we show that there is a relation between the generating function for 
these words according to their length, the descents number and the major index, and 
the q-Motzkin numbers A&,(q). 
2. Notations and definitions 
2.1. Polyominoes 
Let us consider the plane 7c = Z x Z. A cell is a unit square in n, a polyomino is a 
finite connected union of cells having no cut point. Polyominoes are defined up to a 
translation. A column (row) of a polyomino is the intersection between the polyomino 
and an infinite vertical strip of cells. The urea of a polyomino is its number of cells, 
while its height and width are the numbers of its rows and columns, respectively. 
Parallelogram polyominoes or skew Fevers diagrams are defined by two non in- 
tersecting paths (except at their origin and extremity) having only north or east steps. 
For instance, Fig. l(b) illustrates a parallelogram polyomino defined as having area 
16, width 5 and height 6. Such polyominoes have been extensively studied. They are 
counted by Catalan numbers when they are enumerated according to their perimeter, 
and their generating function according to their area, width and height is related to 
q-Bessel functions and q-Catalan numbers. See [32,30,15] for their enumeration ac- 
cording to their perimeter and [27,14,9, lo] with regard to their enumeration according 
to their area. More recently, FCdou and Rouillon [ 191 have developed a very simple 
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Fig. 1. A polyomino (a), a parallelogram polyomino (b), a staircase polyomino (c) and a Ferrers diagram. 
explanation of their enumeration according to their area by means of q-Bessel functions. 
A polyomino is column-convex if all its columns are connected. A staircase poly- 
omino is a column-convex polyomino defined by a sequence of integers (cl, ~2,. . . , Ck), 
such that 
?? for every i E [l..n], ci+l <ci + 1 and ~1 = 1, 
where ci is the number of cells of the ith column (see Fig. l(c)). They are counted by 
Catalan numbers according to their width, while their generating function according to 
their area and width is related to q-Catalan numbers. See [ 131 for their enumeration 
according to their width, and [lo] for their enumeration according to their area and 
width. 
A Ferrers diagram is a column-convex polyomino defined by a decreasing sequence 
of integers (cl, ~2,. . . , Ck), where ci is the number of cells of the ith column (see 
Fig. l(d)). These polyominoes are related to the well-known partitions of integers, and 
have been extensively studied (see, for instance, [2]). 
2.1.1. Steep parallelogram and staircase polyominoes 
Let us call south border and north border the two paths defining a parallelogram 
polyomino. A (lower) steep parallelogram polyomino is a parallelogram polyomino 
whose south border has no pairs of subsequent horizontal steps (see Fig. 2(a)). We 
denote the set of steep parallelogram polyominoes by SP. Analogously, an upper steep 
parallelogram polyomino has no pairs of subsequent horizontal steps (see Fig. 2(b)) 
on its north border. 
A steep staircase polyomino is a staircase polyomino having any two adjacent 
columns of different lengths (i.e., for any iE [l..n], ci+r <ci or ci+t =ci + 1, see 
Fig. 2(c)). We denote the set of steep staircase polyominoes by SS. 
2.2. Worak 
Let X be an alphabet. We define the free monoid generated by X, denoted X*, 
as the set of finite words written with the letters taken from X. The product of 
u=u1... I+,EX* and v=ul . . . u4 E X* is defined as the concatenation of these words: 
uu = U1 . . . f+ut . . . u4. The word u is called a left factor of the word w = uu. The empty 
word is denoted by E. The number of times the letter a E X occurs in the word w is 
denoted by ]w/~, while the length of w is denoted by ]w] = CoEX Iw],. 
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Fig. 2. A (lower) steep (a) an upper steep parallelogram polyomino (b), a steep staircase polyomino (c). 
The set of Dyck words is the set of words w on X* = {x,2}* characterized by the 
following two conditions: 
0 for any left factor 24 of w, Iu], > Iu(x, 
?? 14, = IWIi. 
The set of Motzkin words is the set of words w on X* = {x, a,:}* characterized by 
the previous two conditions. 
Let w=wtw2 . . . w, E be a Dyck word or a Motzkin word. We assume that x <a <X. 
An inversion of w is a wiwj pair, where wi > wj, and i < j. The down set of w is the 
following: 
D(w)={i: wi>wi+t,l<i<n- 1). 
Two classical parameters related to the down set are the major index and the number 
of descents: 
maj(w) = C{i: i E D(w)}, des(w) = ID(w 
The number of Dyck words of length 2n is equal to the nth Catalan number; the enu- 
meration of these words according to their inversion number and down set parameters 
is related to q-Catalan numbers [21]. 
The number of Motzkin words of length n is equal to the nth Motzkin number [ 171. 
In [8], it is shown that the distribution of the major index over the Motzkin words 
gives a nice q-analog of Motzkin numbers. 
A path is a sequence of points in N x N. A step of a path is a pair of two consecutive 
points in the path. Each Dyck word w = wt . . . w2,, codifies a path w = (ss,st,. . . ,sz,,) 
only having northeast (si = (x, y),si+t = (X + 1, y + 1)) or southeast (si = (x, y),si+t = 
(x + 1, y - 1)) steps. Each northeast (southeast) step (Si-t,Si) corresponds to the letter 
wi =x (wi =X). These paths are called Dyck paths. Each Motzkin word codifies a path 
having northeast, southeast and east (si = (x, y), si+l = (x + 1, y)) steps. The east steps 
correspond to the letters wi = a. These paths are called Motzkin paths. 
From a geometrical point of view, the inversion number of a Dyck word w is equiva- 
lent to the area of the Ferrers diagram which lies between the Dyck path corresponding 
to w and the path corresponding to x.. .xX.. .X (see Fig. 3). 
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Fig. 3. A Dyck word and its corresponding Dyck path and Ferrers diagram. 
2.2.1. Steep Dyck words 
The set of steep Dyck words is the set of Dyck words w such that 
?? w # E and w does not contain any xXx factor. 
We denote the set of the steep Dyck words by SW. The paths codified by a steep 
Dyck word have no ‘isolated’ southeast steps (i.e., if (~~~-1,s;) is a southeast step, 
then (si-z,si-1) or (si,si+t ) are also southeast steps). For instance, the Dyck path in 
Fig. 3 is a steep Dyck path. Moreover, the column lengths in the Ferrers diagrams that 
correspond to steep Dyck words are such that: for any i E [ 1 .A], Ci+t = ci or (ci+t < c; - 1 
and ci = q-1 ). 
2.3. q-calculus 
The following are the q-calculus notations most commonly used: 
. [nl =(I - 4”)/(1 - 41, 
?? (a; q)n denotes the l-I:=,< 1 - aq'-' ) product and (a; q)o = 1, 
?? (q),, = fly=,<1 - q’) is a simplified notation of (q;q)n, 
. [ ;] = (qhl((qh(qh-/c), 
?? (yq), = n%,( 1 - yq’) is a simplified notation of (yq; q)n. 
We also need (l/q)-analog and so we denote 
?? (l/q),= nb,(l - l/q’). 
2.3.1. q-Motzkin numbers 
The Motzkin numbers M, are traditionally defined by the following recurrence rela- 
tion: 
n-1 
M ,,+I =Mn + CM&&,--k-,, M,,=l. 
k=O 
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Therefore, the generating function for Mot&in numbers M(x) = CnaO M,x” satisfies 
M(x) = 1 + xM(x) + x*M*(x) and so 
M(x) = 
l-x--~/1-2x-3x* 
2x2 * 
Mot&in numbers can be expressed in terms of the Catalan numbers C,, = (l/(n+ l))(t) 
by 
LGJ 
MII = c ’ 
0 kdj 2k 
ck, 
and vice versa 
crz+l = 2 (;)M* 
k>O 
(see for example [7]). Several q-Catalan numbers have been defined and studied: 
Carlitz q-Catalan numbers, proposed by Carlitz and Riordan [12] and studied in detail 
by many authors [1,21-23,331: 
cn+lk) = k~oC*(q)~~-k(q)4’k+1~n-k’, Co(q) = 1 
cn+dd = k$ock(q)~n-k(q)qk, Co(q) = 1 
They count the inversions of Dyck words and Catalan permutations [2 1,281, respec- 
tively, and 
Cn(q) = q(i)C,(q_‘). 
The explicit q-Catalan numbers 
1 2n 
[ 1 [n+ l] n 
introduced by MacMahon [31] have been studied by Krattenthaler [29], Gessel and 
Stanton [24]. They enumerate Dyck words according to the major index. A general- 
ization of these q-analogs is given by Fiirlinger and Hofbauer [21]. They enumerate 
Dyck words according to the number of descents and a refinement of the major 
index. 
The q-Catalan numbers introduced by Polya [32] and Gessel [23] 
n-1 
P,+l(x>q)=wxx,q) +fxxq,q) + ~Tx(xq~q)P,-k(x~q)~ 
k=O 
where pO(x, q) = PI (x, q) = 0 and &(x, q) = xq, count the parallelogram polyominoes 
having perimeter 2n according to their area. 
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A q-analog of Mot&in numbers is defined by Bonin et al. [8]. The authors prove that 
the generating function MS&q) for the Mot&in words having length n and R letters 
x according to the major index (with x <a <X) is 
MS,,&?)= & ‘k” ?Jk 9 
[ I[ 1 
and so they obtain the following nice q-analog: 
LQJ 1 2k 
m(q)= c - n [ I[ 1 t=O n + 1 k 2k ’ 
We now introduce three definitions of q-Motzkin numbers different from the pre- 
vious one and, in the following sections, we go on to determine some combinatorial 
interpretations of these q-numbers. 
Definition 2.1. We define the q-analogs of Mot&n numbers as 
n-l 
Ml+1(q) = Ml(q) + ~~~~~(q)~~-~-I(q)qu+2)(“-‘), MO(q) = 1, (2.1) 
la*+l(q) = fi”(q)q”+2 n-’ - + k~owq)a4q)qk+2’ so(q) = 4, (2.2) 
We wish to point out that the q-MO&kin number of Bonin et al. are similar to 
MacMahon q-Catalan numbers, while our first and second definitions are similar to 
Carlitz q-Catalan numbers, and the third one corresponds to the Polya-Gessel q-Catalan 
numbers. Moreover, 
E;l,(q) = q(‘;%4”(q-l), 
and, by putting q = 1, x = 1, we obtain the Motzkin numbers (M,,( 1) = &( 1) = 
ti(l,l)=&). 
2.3.2. q-Bessel functions 
The Bessel functions of order v, with v integer, are commonly defined by 
Several q-analogs of these functions were first defined and studied by Jackson [26] and 
subsequently by Ismail [25], and Gessel and Stanton [24]. They are all defined as 
J”(-T 4) = cc- 1 )“un,v (q)x;;; * 
!I*0 n tl+v 
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For instance, the q-Bessel functions that count parallelogram polyominoes are 
Jok y; 4) = c (-lyq(“:‘)x” 
n,O (4MYcl)n ’ 
Jl(x,Y;q) = c (_l)“-‘yq(‘:‘)x” 
n2* (q)n-l(Yq)n . 
More precisely, the generating function for parallelogram polyominoes according to 
their area, width and height is Jt(x, y; q)/J& y; q) (see [14, lo]). This function is 
related to Polya-Gessel q-Catalan numbers [23,32]. 
Definition 2.2. We define the q-analogs of the Bessel functions .&I and & as 
&(x, y; q) = c (-l )“x” , 
naO (4MY4)n 
n J*(X,YX) = c 
n,l ml~:(Yqh~ 
The amazing result is that these q-Bessel functions arise when counting steep paral- 
lelogram polyominoes and are related to some q-Mot&in numbers. 
We also need the (q; l/q)-Bessel functions and so we define: 
Definition 2.3. 
Jo<% Y; 99 l/q) = 1 
.n,(“:‘) 
nBO (4YMM)~' 
~l(X,YX l/q) = c .n ,(I) 
n a l  (4YMllqh-l* 
We wish to point out that these two functions belong to a strange ring of formal 
power series in x and y, with coefficient in the Laurent series in l/q, defined as 
in which the following identities simultaneously hold: 
1 
- = c l/q”. 
1 - l/q Pl>O 
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3. Steep parallelogram polyominoes, q-Bessel functions and q-Motzkin numbers 
In this section, we enumerate steep parallelogram polyominoes according to their 
width, perimeter and area and we show that their generating function is related both 
to q-Motzkin numbers &,(x, q) and q-Bessel functions &,jl 
3.1. Results 
A first and simple result is the enumeration of steep parallelogram polyominoes 
according to their perimeter. 
Theorem 3.1. Steep parallelogram polyominoes are counted by Motzkin numbers 
according to their perimeter. 
This is easily shown by means of the classical bijection between parallelogram poly- 
ominoes and Dyck words (see [ 161). Object grammars [ 181 (see next section) also 
provide a very satisfactory explanation of this. Moreover, this allows us to deduce a 
functional equation satisfied by the generating function Fsp(x, t,q) of steep parallelo- 
gram polyominoes according to their width (x) perimeter (t) and area (q). 
Proposition 3.2. 
FSPk 6 4) = xt2q + tFs:sp(xq, t, 4) + FSP(4 t, q)Fsp(xq, c 4). (3.1) 
From this functional equation, the relationship between F&x, t, q) and the q-Motzkin 
numbers &(x, q) follows: 
Theorem 3.3. 
FsPW,q)=t2 CM&,q)t”. 
IId0 
(3.2) 
The relationship between the area generating function of steep parallelogram poly- 
ominoes and q-Bessel functions is not very obvious. Let Gsp(x, t, q) be the generating 
function for steep parallelogram polyominoes according to their width (x) height (y) 
and area (q). 
Theorem 3.4. The generating function for steep parallelogram polyominoes according 
to their width, height and area is 
and so we get: 
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o...G.p 
Fig. 4. An object grammar for steep parallelogram polyominoes. 
Corollary 3.5. The generating function for steep parallelogram polyominoes accord- 
ing to their width, perimeter and area is 
x w, t, 4) 
hP(X, t, 4 ) = - 
Jaw, t, 4). 
Thus, this result is very similar to the generating function for ordinary parallelogram 
polyominoes, but it involves some other q-Bessel functions. It can be deduced from 
the functional q-equation (3.1). We now give a combinatorial proof based on the study 
of path pairs in the plane as proposed by FBdou and Rouillon [ 191. 
3.2. Proofs 
Steep parallelograms polyominoes can be recursively defined by the two basic oper- 
ations illustrated in Fig. 4. 
??The former operation has arity 1 and consists in adding a cell to each column of the 
polyomino. 
??The latter has arity 2 and consists in gluing two polyominoes together along only 
one cell, and adding a cell to each column of the iirst polyomino. 
It is clear that steep parallelogram polyominoes are generated unambiguously by 
these operations and the unit cell. This is an example of what Dutour and FBdou call 
object grammar [ 181. From the object grammar shown in Fig. 4, Eq. (3.1) can be 
easily deduced. By replacing q and x by 1, we obtain the following equation for the 
generating function for steep parallelogram polyominoes according to their perimeter: 
and it is therefore obvious that such polyominoes are counted by Motzkin numbers 
according to their perimeter. It is worth noting that the object grammar illustrated in 
Fig. 4 induces natural bijections among steep polyominoes and Motzkin words (or l-2 
trees), and all kinds of objects generated by a unary operation, a binary operation and 
one basic object (see Fig. 5 for some isomorphic object grammars). 
If we denote Fsp(x, t, q) = CnBO F&x, q)t”, then we obtain 
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LA= l+ -A./AA 
A = l+ A + 
Fig. 5. Isomorphic object grammars for Motzkin path and l-2 trees. 
Fig. 6. Different kinds of paths from Wg,, _Vs, ,‘XJ, %?4, _@s, l%?4. 
where F&x, q) = FI (x, q) = 0 and F&r, q) = xq. From the definition of q-Mot&n num- 
bers, it follows that F,,(x,q) =A?,&x,q), and we obtain (3.2). 
The proof of Theorem 3.4 is based on the study of some path pairs in the plane 
according to [19]. Let %? be the set of the plane paths that are either empty or made 
up of a sequence of north and east unit steps, and that begin at the origin and end 
with an east step. Let @ be the set of these paths having no pairs of consecutive east 
steps (see Fig. 6). %n and @,, denote the paths of % and @ having width n. We obtain 
some useful results by means of a simple proposition: 
Proposition 3.6. The generating functions for the paths of %?,, and @,, according to 
their area, height and width are 
Y 
SGdx,y,q) = - 
(Yqh ’ (3.3) 
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(3.4) 
respectively. 
Furthermore, we consider 
?? _%’ the set of the paths of 59 beginning with an east step. 
?? 1% the set of the paths of ‘% beginning with a north step. 
?? _@ the set of the paths of @ beginning with an east step. 
?? 13 the set of the paths of @ beginning with a north step. 
We index these sets by n when we only take paths of width n into consideration. 
We then obtain the following generating functions. 
Corollary 3.7. The generating functions for the paths of _%Y,,, I%,,, _@,, and 14 ac- 
cording to their area, height and width are 
X” 
SG_~(x,y,q)= (yq),_l 3 
n n 
SG,& y, 4) = qcy;; , 
,(a y"-1 x” 
SG_g(ww) = (yq),_l > 
SG,+nky,q)= 
,(“:‘I y" x” 
(Yq)n ’ 
respectively. 
We now examine path pairs, and define: 
Definition 3.1. 
Some examples of these path pairs are given in Fig. 7. 
In order to prove Theorem 3.4, we count these sets according to their width, height 
and positive area as far as the former path is concerned (the generating functions are 
given in Corollary 3.7), while we count the latter negatively according to its area. 
We only need to replace x by 1, y by 1 and q by l/q in Corollary 3.7. 
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Fig. 7. A pair of paths belonging to 9 and a,, respectively. 
\ 
\ ______- \ \ \ \ J- 
I’ \ \ \ \ \ \ \ 
Fig. 8. Factorization of a (g)-path into a parallelogram polyomino and a @)-path. 
We deduce the following lemma by relating the functions &(x, y; q, l/q) and * 
J1(x,y;q,l/q) to 9 and ~2. 
Lemma 3.8. The generating functions of the sets 9 and g according to x, y, q and 
l/q are given by 
Gs =&k Y; 4, l/q) 
and 
Gg =%,y;q, l/q). 
Since each element in g can be factorized in a unique way into a steep parallelogram 
polyomino and into an element of 9 (see Fig. 8), the equality &(x, y; q) = Gp x 
jo(x, y;q) follows. From this, we deduce Theorem 3.4 by replacing each l/(1 - l/q’) 
by -q’/( 1 - 4’). This transformation is possible only because the coefficient of x’yj 
is a polynomial in q, and this gives the same development in q = cm and q = 0. 
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4. Steep staircase polyominoes and q-Mot&in numbers 
In this section, we determine the generating function for steep staircase polyominoes 
according to their area and width and show that it is related to the q-Mot&in numbers 
n;r,(q). 
4.1. Results 
Let Gss(s,x,q) be the generating function for steep staircase polyominoes according 
to the area (q), width (x) and length of the rightmost column (s). We often denote the 
function Gss(s,x,q) by Gss(s) for brevity’s sake. By using the ‘Temperley methodol- 
ogy’ [6,11,34] we deduce: 
Propaaition 4.1. The generating fiction Gs&,x,q) verifies the following fictional 
equation: 
Gss(s) = sxq + ~GssO +x (v - &) Gss(sq). 
By solving this functional equation we obtain the generating function. 
Theorem 4.2. The generating function G&s,x,q) is given by 
Gss(s)~~l~~~~o~~~-~l~~~~o~~~+~l~~~ 
Eo(l) 
2 
with 
n-1 
Eo(s)=l -srqc(-l)“*n(l -sqk+’ -s’$@+‘)), 
tl,O @7x+1 f=O 
n ?I n-1 
E,(s)=sxqz(-l)‘= 
If20 
(sq)” E (1 - sq”+’ - s2qZ(k+‘)). 
From this theorem it follows that: 
(4.1) 
Theorem 4.3. The generating function for steep staircase polyominoes having width 
II according to their area is equal to q-Motzkin number A&_,(q), i.e. 
Gss(l,x,q)=x c un(qW. 
PI>0 
(4.2) 
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#---I = ?? + #--k+d 
Fig. 9. A recursive description of steep staircase polyominoes. 
Moreover, 
Gss(l,x,q) = 
J%(LGq) = 1 +xq - Eo(l,x,q) 1. (4.3) 
1 + xq _ 
xq(1 +xqz) 
1 + xq2-- xq2( 1 + xq3) 
3 1 +xq3-xq (1,fxq 4) 
Corollary 4.4. The number of steep staircase polyominoes having width n is equal to 
(n - 1)th Motzkin number. 
4.2. Proof 
Let P be a steep staircase polyomino. We denote the length of its rightmost column 
by l(P), its width h(P) and its area a(P). The generating function for steep staircase 
polyominoes according to the above-listed parameters is 
GSS(s,x, q) = C st(P)xh(P)qn(P). 
PESS 
Fig. 9 illustrates a recursive description of steep staircase polyominoes. 
A steep staircase polyomino P can be recursively defined in the following way: 
1. P is made up of only one cell; 
2. P is obtained by gluing a steep staircase polyomino P’ to a column C of length 
k < l(P’) - 1 (therefore: a(P) = a(P’) + k, l(P) = k, h(P) = h(P’) + 1); 
3. P is obtained by gluing a steep staircase polyomino P’ to a column C of length 
l(P’) + 1 (therefore a(P) = a(P’) + l(P’) + 1, l(P) = Z(P’) + 1, h(P) = h(P’) + 1). 
We refer these constructions to the generating function Gss(s,x,q), and obtain: 
I(P)- 1 
Gss(s,x,q) =sxq + C C skxh(p)+lq@)+k + c s~(~)~~x~(P)~~qi(p)~‘o+l, 
PESS k=l PESS 
from which we deduce functional equation (4.1). 
Let us now solve functional equation (4.1) by means of the following lemma [l 11: 
Lemma 4.5. Let W = R[[s,x, q]] be the algebra of the formal power series in variables 
s,x and q with real coeficients, and let SI be a sub-algebra of B such that the series 
converge for s = 1. 
Let X(s,x,q) be a formal power series in &. We assume that 
X(s) =xe(s) + xf (s)XU) + xg(s)X(sq), 
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where e(s), f (s) and g(s) are some given power series in d. Then 
x(s) = E(s) + E(1 F(s) - E(s)F(l) 
l-F(l) ’ 
where 
E(s) = c xn+l g(s)g(sq) . . . dsq”-’ Mef), 
PI>0 
and 
F(s) = c x “+‘g(s)g(sq) * * * dsq”-’ Me?“), 
?I,0 
By means of Lemma 4.1 and Eq. (4.1) we get the generating function Gss(s,x,q) 
of Theorem 4.2, 
Let us now take the generating function Gss(l,x,q) into consideration. The proof 
of Theorem 4.3 is based on the study of the functions Ei( 1,x, q) and Eo( 1,x, q). 
By means of some computations, we obtain 
Lemma 4.6. The functions Eo(x, y, q) and El (x, y, q) satisfy the following equations: 
Eo(l,xq,q)=Eo(l,x,q)+El(Lx,q), 
xqEi(l,xq,q)=El(l,x,q) -xqEo(l,x,q). 
From Lemma 4.6, we deduce that 
Gss(l,xqcq,q) = 
xq Edl,xq,q) = El(l,x,q) - xqEo(l,x,q) 
xqEo(l,xq>q) Eo(l,x,q) +Ei(l,x,q) ’ 
and so we obtain 
Gss(l,x,q)=xq +xq Gss(l,xq,q) +xq Gss(l,x,q)Gss(l,xq,q). 
If we denote Gss(l,x,q)= CnaO S,,(q)xn, then we get 
(4.4) 
n-2 
Sn(q)=&I-l(qW + kI, scw~n-k-lmk+‘~ S(q)=q. 
From the q-Motzkin numbers’ definition, it follows that S,,(q) = A&-l(q) and we obtain 
(4.2). If A( 1,x, q) = 1 + Gss( 1,x, q), then 
A(l,x,q)= 
1 +xq 
1 + xq - xqNl,xq,q)’ 
so the continued fraction (4.3) follows. 
By putting q = 1 into Eq. (4.4), we deduce 
Gss(l,x,l)=x+xGss(l,x,l)+xG;s(l,x,l). 
Hence, the number S,( 1) of steep staircase polyominoes having width n is equal to the 
(n - 1)th Motzkin number. 
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5. Steep Dyck words and q-Motzkin numbers 
In this section, we enumerate steep Dyck words according to their length and in- 
version number and we show that their generating function is related to the q-Motzkin 
numbers M,(q). 
5.1. Results 
Theorem 5.1. The number of steep Dyck words having length 2n+2 is equal the nth 
Motzkin number. Moreover, the number of steep Dyck words having length 2n + 2 
and k descents is l/(k + l)(T) (&). 
Let G&x,q) be the generating function for steep Dyck words according to their 
inversion number (q) and length (x). 
Theorem 5.2. The generating function for steep Dyck words having length 2n 
according to their inversion number is equal to the q-Motzkin number M,,_,(q), i.e. 
Gsw(Lx,q)=x c Mdq)x”. 
n20 
(5.1) 
In [21], the following refinement of the parameter major index over the Dyck words 
is studied. Let w = wiw2 . . . wzn be a Dyck word, 
U(W)= C I{j<i: Wj=X}I, 
r@(w) 
P(W)=Ie~w) I{jGi: wj'i)l. 
where D(w) is the down set of w. Obviously a(w) + P(w)=maj(w). Furlinger and 
Hotbauer show that there is the following nice relation between the 3-variate q-Catalan 
numbers 
Cn(s, a, b) = c ~des(w)aa(w)b~(w), 
WED” 
(where D, is the set of Dyck words of length n) and Polya-Gessel q-Catalan numbers 
Pil(s, 4): 
Pn+l@,q) =~q”G(~,q,q-l >. 
If we consider the same q-analogs on the steep Dyck words 
fin(s, a, b) = C sdes(“‘)aa(“‘)bb(“‘), 
WESW” 
we obtain that: 
Theorem 5.3. The q-analog II,?~(s, a, b) is such that 
&tn+I(s, a, b) =Qn(sa, a, b) + s ‘2 (ab)kc’&?k(sa, a, b)A?&s(ab)k+l , a, b), (5.2) 
k=O 
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where ii?, (s, a, b) = 1. Moreover, 
MS, 4) = q n+%r+ds,q,q-l). (5.3) 
We wish to point out that, if &(s, q) is the generating function for steep parallelogram 
polyominoes of perimeter 2n according to their width and area, then from Theorem 3.3 
it follows that 
5.2. Proof 
The non-empty Dyck words are generated by the following grammar: 
Steep Dyck words are different from E and do not contain any xXx sequence. Since 
this sequence is generated by the rule D’ + x_tD’, the steep Dyck words are generated 
by the algebraic grammar 
S-+x~(xS~~xS~S. (5.4) 
The Mot&in words are generated by the following algebraic grammar: 
By comparing this grammar with steep Dyck words’ grammar we deduce that the 
steep Dyck words having length 2n + 2 are in bijection with the Motzkin words having 
length n. Therefore, the number of steep Dyck words having length 2n + 2 is equal 
to nth Motzkin number. Moreover, the letters X of the Motzkin words correspond to 
the descents of the steep Dyck words and so the number of steep Dyck words having 
length 2n + 2 and k descents is l/(k + l)(y) (A). 
Let SW,, be the set of the steep Dyck words having length 2n. From grammar (5.4) 
it follows that a word w E SW,+, can be decomposed into w =xwiZ with wt E SW,,, 
or w = xwt_?w2 with WI E SWk and w2 E SW,,_k for some k with 1 <k <n - 1. In the 
first case we have: 
inv(w) = inv(wt ), 
des(w) = des(wi ), 
a(w) = LX(WI) + des(wt ), 
B(w) = NW1 h 
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and in the second one: 
inv(w) = inv(wi) + (k + l)(n - k) + inv(w2), 
des(w) = des(wi) + 1 + des(wa), 
a(w)= OF + des(wi) + (k + 1) + CC(WZ) + (k -t 1) des(w2), 
B(w) = B(wi ) + (k + 1) + B(w) + (k + 1 IWw ). 
Let Gswkq) = Ella0 G,,(q)Y be the generating function for steep Dyck words ac- 
cording to their length and inversion number. From the relations involving inversions 
we obtain that 
n-1 
G+l(q) = G,(q) + kFl Gk(q)Gn--k-l(q)q’k+lXn-k’, G(q) = 1. 
By means of the q-MO&kin definition, we get G,,(q) =M,,_l(q) and this proves 
Theorem 5.2. The other relations give the recurrence (5.2). By putting a =q and 
b=q-‘, we obtain 
~~+l(s,q,q-‘)=I);i,(sq,q,q-l) +s ~~1~~(sq,q,q-l)~~-,(s,4,4-1). 
k=O 
From the q-Motzkin definition we deduce (5.3) and this proves Theorem 5.3. 
We can also prove Theorem 5.2 by using 
and the following combinatorial property: 
Lemma 5.4. The set of steep Dyck words 
in bijection with the set of steep staircase 
n(n+ 1)/2-k. 
the steep staircase polyominoes’ results 
having length 2n and k inversions is 
polyominoes having width n and area 
Proof. Let w be a steep Dyck word having length 2n and k inversions. We examine 
the set of cells P between the Dyck path of w and the path of ZxZx . . .XxZx (see 
Fig. 10). Since the inversion number of w is equal to the area of the Ferrers diagram 
lying between the Dyck path of w and the path of x . . .xX.. .X, the number of cells of 
P is n(n + 1)/2 - k. Moreover, each north-east step (si_i,si) of the Dyck path (i.e. 
each x of w) corresponds to a column of P having length ci equal to the ordinate of 
si. But the path is a steep Dyck path and so the length of these columns are such that 
for any i E [l..n], ci+i =ci + 1 or ci+i <ci. 
Therefore, if we translate P’s columns along the southeast direction as shown in Fig. 10, 
we obtain a steep staircase polyomino having n columns and area n(n + 1)/2 - k. 
The reverse side of the bijection is easily obtained by reversing the construction. 0 
It follows from Theorem 4.3 that the generating function steep staircase polyominoes 
according to their width and area is Gss(l,x,q) = Ena 1 k”_l(q)xn, and, by means of 
40 
length = 2 n 
xxxxxx 
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inversions number = k 
Fig. 10. A bijection between steep Dyck words and steep staircase polyominoes. 
Lemma 5.4, we deduce Gsw(x, q) = Ena, q(“:‘)i@,-1(q) x”. However, M,(q) = qv:‘) 
tin(q-‘) and this proves Theorem 5.2. 
6. Conclusions 
We introduced three definitions of the q-analogs of the Motzkin numbers which are 
similar to the definitions of Carlitz and Polya-Gessel q-Catalan numbers. We illustrated 
some combinatorial interpretations of these q-Motzkin numbers by means of some 
recent techniques of counting and q-counting. 
An interesting problem regards determining some relations between these q-Motzkin 
numbers and the Carlitz and PolyaGessel q-Catalan numbers. 
Another interesting problem regards determining some relations between these 
q-Motzkin numbers and the q-Motzkin numbers derived from several combinatorial 
statistics over some other classes of combinatorial objects enumerated by Motzkin 
numbers. For instance, the area of Motzkin paths [5,8,20], the internal path length 
of some classes of planar trees, such as right-leafed trees and tip-augmented trees 
[3,17], the inversions number of the class M,(321,3 i42) of permutations with forbidden 
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subsequences [4]. Another interesting problem regards determining some relations be- 
tween these q-Motzkin numbers. 
Acknowledgements 
The authors wish to thank the anonymous referees whose suggestions greatly im- 
proved the general framework of this paper. 
References 
[I] GE. Andrews, Identities in combinatorics II: a q-analog of the Lagrange inversion theorem, Proc. Amer. 
Math. Sot. 53 (1975) 240-245. 
[2] GE. Andrews, in: G.C. Rota (Ed.), The Theory of Partitions, vol. 2, Encyclopedia of Mathematics and 
its Applications, Addison-Wesley, Reading, MA, 1976. 
[3] E. Barcucci, A. Del Lungo, E. Pergola, R. Pinzani, A methodology for plane tree enumeration, Discrete 
Math., to appear. 
[4] E. Barcucci, A. Del Lungo, E. Pergola, R. Pinzani, Some permutations with forbidden subsequences 
and their inversion number, Discrete Math., submitted. 
[5] E. Barcucci, A. Del Lungo, E. Pergola, R. Pinzani, A construction for enumerating k-coloured Motzkin 
paths, Lecture Notes in Computers Science, vol. 959, 1995, 254-263. 
[6] E. Barcucci, A. Del Lungo, R. Pinzani, Une s&tie generatrice pour la hauteur des polyominos dvc, C. 
R. Acad. Sci., Paris Ser. 321 (1995) 259-264. 
[7] E. Barcucci, R. Pinzani, R. Sprugnoli, The Motzkin family, Pure Math. Appl., Ser. A 2 (1991) 249279. 
[S] J. Bonin, L. Shapiro, R. Simion, Some q-analogues of the Schroder numbers arising from combinatorial 
statistics on lattice paths, J. Statist. Plann. Inference 34 (1993) 35-55. 
[9] M. Bousquet-Melou, q-Enumeration de polyominos convexes, Ph.D. Thesis, 1991, Publications du 
LACIM, No. 9, 1991, Montreal. 
[IO] M. Bousquet-Melou, q-Enumeration de polyominos convexes. J. Combin. Theory Ser. A 64 (1993) 
265-288. 
[ 1 l] M. Bousquet-Melou, A method for the enumeration of various classes of column-convex polygons, 
Discrete Math. 154 (1996) 1-25. 
[12] L. Carlitz, J. Riordan, Two element lattice permutation numbers and their q-generalization, Duke J. 
Math. 31 (1964) 371-388. 
[13] M. Delest, S. Dulucq, Enumeration of directed column convex animals with given perimeters and area, 
Report LaBRI, no. 8715, 1986. 
[14] M. Delest, J.M. Ftdou, Enumeration of skew Ferrers diagrams, Discrete Math. 112 (1993) 65-79. 
[15] M. Delest, D. Gouyou-beauchamps, B. Vauquelin, Enumeration of parallelogram polyominoes with 
given bound and site perimeter, Graphs Combin. 3 (1987) 325-339. 
[ 161 M. Delest, X.G. Viennot, Algebraic languages and polyominoes enumeration, Theoret. Comput. Sci. 
34 (1984) 169-206. 
[17] R. Donaghey, L.W. Shapiro, Motzkin Numbers, J. Combin. Theory Ser. A 23 (1977) 291-301. 
[ 181 1. Dutour, J.M. Ftdou, Grammaire d’objets, Report LaBRI no. 963-94, 1994. 
[19] J.M. Fedou, N. Rouillon, Polyominos et q-analogues des fonctions de Bessel, une preuve combinatoire, 
in: B. Leclerc, J.Y. Thibon (Eds.), Proc. 7th FPSAC, Mame-la-Valle, 1995, pp. 203-220. 
[20] P. Flajolet, Combinatorial aspects of continued fractions, Discrete Math. 32 (1980) 125-161. 
[21] J. Fiirlinger, J. Hotbauer, q-Catalan numbers, J. Combin. Theory Ser. A 40 (1985) 248-264. 
[22] A.M. Garsia, A q-analogue of Lagrange inversion formula, Houston J. Math. 7 (1981) 205-237. 
[23] I. Gessel, A noncommutative generalization and q-analog of the Lagrange inversion formula, Trans. 
Amer. Math. Sot. 257 (1980) 455-482. 
[24] I. Gessel, D. Stanton, Applications of q-Lagrange inversion to basic hypergeometric series, Trans. Amer. 
Math. Sot. 277 (1983) 173-201. 
42 E. Barcucci et al. I Discrete Mathematics 189 (1998) 21-42 
[25] M. Ismail, The zeroes of basic Bessel lbnctions and associated orthogonal polynomials, J. Math. Anal. 
Appl. 86 (1982) 1-18. 
[26] F.H. Jackson, The basic Gamma function and elliptic function, Proc. Roy. Sci. 76 (1905) 127-144. 
[27] D. Klamer, R. Rivest, Asymptotic bounds for the number of convex n-ominoes, Discrete Math. 8 (1974) 
31-40. 
[28] D.E. Knuth, Fundamental Algorithms, The Art of Computer Programming, 2nd ed., Section 2.2.1, 
vol. 1, Exercise 2-5, Addison-Wesley, Reading, MA, 1973, pp. 238-239. 
[29] C. Krattenthaler, A new q-Lagrange formula and some applications, Proc. Amer. Math. Sot. 90 (1984) 
338-344. 
[30] G. Kreweras, Joint distributions of three descriptive parameters of bridges, Lecture Notes in Math., 
vol. 1234, Springer, New York, 1986, pp. 177-191. 
[31] P.A. Macmahon, Collected Papers: Combinatorics, vol. I, MIT Press, Cambridge, MA, 1978, p. 1345. 
[32] G. Polya, On the number of certain lattice polygons, J. Combin. Theory 6 (1969) 102-105. 
[33] J. Riordan, A note on a q-extension of ballot numbers, J. Combin. Theory 6 (1968) 191-193. 
[34] H.N.V. Temperly, Combinatorial problems suggested by the statistical mechanics of domains and rubber- 
like molecules, Phys. Rev. Ser. 2 103 (1) (1956) 1-16. 
